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Abstract - Graph coloring is one of the most vital ideas in 

graph theory and it's large variety of applications in everyday 

life. Varied coloring ways square measure obtainable and may 

be used on demand basis. the correct coloring of a graph G is 

that the coloring of the vertices and edges with least variety of 

colours such that no 2 vertices ought to have identical color. 

The minimum number of color is called the chromatic number 

χ(G) and the graph G is called properly colored graph. This 

paper presents the applications of graph coloring and its 

importance in numerous fields. 
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1. Introduction 

A Graph G consists of try (V (G),E(G)) wherever V (G) 

may be a non-empty finite set whose component are vertices or 

points and E(G) may be a set of unordered pairs of distinct parts of 

V (G). Variety of vertices in a graph is termed its order and also 

the number of edges during a graph is termed its size. We have a 

tendency to denote the order and size of a graph typically by n and 

m severally. A graph of order n and size m is referred as a (n, m) 

graph. If e = ∈ E(G), the sting e is alleged to affix u and v. We 

have a tendency to write e = u v and that we say that the vertex u 

and v are adjacent.  

2. Preliminaries 

Definition 2.1 

 The degree of a vertex of a graph is that the vary of 

edges incident to the vertex, with loop counted double. 

The degree of vertex denoted by deg(v) or deg v. In a graph G the 

degree of the graph is denoted by ∆ (G), and then the minimum 

degree of graph G, denoted by d(G). 

Definition 2.2 

If a graph does not has any parallel edges and self loops, it will be 

called as a simple graph. 

Definition 2.3  

If the edge set of a graph is empty, it will be called as null graph. 

Definition 2.4 

 A graph in which any two distinct vertices are adjacent 

is called a complete graph. The complete graphwith n vertices is 

denoted by Kn. 

Definition 2.5 

A graph is termed planar if one will draw the graph within the 

plane (or paper) such no 2 edge cross. 

Definition 2.6 

If the vertices of a graph is splitted into two disjoint sets named U 

and V. They are splitted such that each edge connects a vertex in U 

to a minimum of 1 in V. Since the U and V are the elements of the 

graph, vertex sets U and V unit usually brought up. 

Definition 2.7 

A clique could be a set of vertices of an afloat graph such each 2 

distinct vertices within the lot areadjacent; that's, its induced sub 

graph is complete. 
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3. Graph Coloring  

A special case of graph labeling is called as graph 

coloring in graph theory; it's academic degree assignment of labels 

historically noted as ”colors” to parts of a graph subject to sure 

constraints. In its simplest type, it's some way of coloring the 

vertices of a graph such that no 2 adjacent vertices share constant 

color; this can be known as a vertex coloring. Similarly, a foothold 

coloring assigns a color to every edge so no 2 adjacent edges share 

constant color. 

3.1. Vertex Coloring 

If none of the 2 distinct adjacent vertices have constant 

color, the coloring will be correct. 

• k- Vertex colorable:  

A graph G is k- vertex colorable if G incorporates a 

correct k- vertex coloring.  

K - Vertex colorable is additionally known as as k-

colorable. 

•Chromatic range χ(G):  

The chromatic range χ(G) of a graph G is that the 

minimum k that, G is k-colorable. 

• K- Chromatic:  

If χ(G) = k, G is claimed to be k-chromatic. 

3.2. Edge Coloring 

• k- edge coloring:  

A k- edge coloring of a loop less graph G is an 

assignment of k colours, 1,2,…...,k, to the perimeters of G. The 

coloring is correct if no 2 distinct adjacent edges have constant 

color. 

• k- edge colorable:  

A graph G is k- edge colorable if G incorporates a 

correct k−edge coloring. Edge chromatic range χ'(G): the sting 

chromatic range χ'(G), of a loop less graph G is that the minimum 

k that G is k−edge colorable.  

• k- edge chromatic: 

If χ'(G)= k, G is claimed to be k-edge chromatic.. 

4. Some Properties and Theorems 

  Let v1, v2........., vn   be some ordering of V (G). For i 

from 1 to n, greedily assign to vi the lowest indexed color not yet 

assigned to lower-index neighbor of vi. 

 This coloring is called the greedy coloring with respect to the 

ordering. 

Theorem 4.1 

   If G is a simple graph, then  

χ'(G)≤∆(G)+1 

Proof 

   Let ∆ = ∆(G). With at most ∆+1 colors, we shall start 

from the empty coloring, consider any uncolored edge (u,v) at each 

step, find a color for (u,v) while possibly altering the current 

coloring. Repeat the process until all edges are colored. 

  Suppose (u,v) is not yet colored with the current 

coloring. 

  Let S be the set of ∆+1 colors we are going to use. Since 

the maximum degree is ∆, not all colors appear at any particular 

vertex.  

  If there is a color not appearing at both u and v, then we 

can use that color 

 for (u ,v). Otherwise, suppose color c0 does not appear at u, and c1 

does not appear at V. Note that c1≠ c0. Also, let v0 = v.  

  There must be a neighbor v1 of u such that (u, v1) is 

colored c1. Let c2 be a color missing at v1. If c2 is also missing at u, 

then we can “down-shift” the colors from v1 by coloring (u, v1) 

with c2, (u, v0) with c1.  
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  This process cannot continue forever, hence either we 

can down-shift from 

 some v k and find a color for (u,v), or there is a smallest index k ≥ 

1 such that a color missing at v k appeared earlier in the list 

c1,...,cK-1, say .c𝜄 

  If c0 is missing at v k, then we can color (u, v k) with c0, 

and shift the colors down. Otherwise, let P be a maximal path 

starting from v k which alternate colors between c0 and c𝜄.  

  If P goes v k,……......,v 𝜄,u, then we can switch the two 

colors on P, and  

down- shift from v𝜄. If P goes v k,……....,v l-1(and must stop there 

at color c0, since c𝜄 is missing at vl-1), then we switch colors on P, 

assign (u,vl-1) with color c0, and shift down from vl-1. Lastly, if P 

does not touch u, v𝜄, or vl-1, plus the fact that P cannot end 

 at vk, then we can switch colors on P, assign (u, vk) with c0, and 

down-shift from vk. 

Theorem 4.2 

Let G be a regular graph with cut-vertex. Then show that 

χ'(G)> ∆(G).  

Proof 

Suppose that G is k-regular and that vertex v ∈ V (G) is a 

cut-vertex. 
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Furthermore, assume that we've a correct k-edge-

coloring of E (G) and  

thus χ'(G)= k = ∆(G). Vertex v has k edges incident with 

it. These edges are coloured one through k.  

Suppose that the sting coloured i has endpoints v and vi. 

We are going to show that for all 

one ≤ i < j ≤ k, vertices vi and vjare connected by a path 

in G − v. beginning with vertex vi, find a most walk whose edges 

are alternately coloured i and j. This path should begin with color j, 

since vi doesn't have a position incident thereto coloured i in G − 

v. The walk will never come back to a antecedently encountered 

vertex, otherwise we'd have 2 edges coloured constant that are 

incident to constant vertex, which might contradict the idea that 

our edge-coloring is correct.  

And finally, every edge coloured j leads us to a vertex 

that's incident with a position coloured i. this is often because of 

the actual fact that we have a tendency to started at vi, the sole 

vertex that's not incident with a position coloured i, and that we 

grasp we will ne'er come back to vertex vi . Therefore, our walk 

ends once we reach a vertex that doesn't have a position incident 

with it that's coloured j.  

But vj is that the solely such vertex. so our most walk 

should be a vi , vj-walk. 

Therefore, any vertex within the element of G − v 

containing vi is connected to any vertex within the element of G−v 

containing vj. Since this is often true for all i and j, we have a 

tendency to conclude that G−v has constant variety of parts as G. 

however this contradicts the idea that v was a cut-vertex. 

Therefore, if G may be a k-regular graph with a cut-vertex then 

χ'(G)> k = ∆(G), as secure. 

5. Conclusion 

Graph coloring enjoys several sensible applications also 

as theoretical challenges. The ultimate aim of this paper is to 

present the importance of varied styles of coloring. An outline is 

given particularly to project the applications of graph coloring in 

Graph theory. 
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